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Normalizing Variables with Too-Frequent Values Using a Kolmogorov-

Smirnov Test: A Practical Approach 
 

Abstract 

 

Many quantitative applications in business operations, environmental engineering, and 

production assume sufficient normality of data, which is often, demonstrated using tests of 

normality, such as the Kolmogorov Smirnov test. A practical problem arises when a high 

proportion of a too-frequent value exists in data, in which case transformation to normality that 

passes tests for normality may be impossible. Analysts and researchers are therefore often 

concerned with the question: should we bother transforming the variable to normality? Or should 

we revert to other approaches not requiring a normal distribution? In this study, we find the 

critical number of the frequency of a single value for which there is no feasible transformation to 

normality within a given α of the Kolmogorov-Smirnov test. The resultant decision table can 

guide the effort of analysts and researchers.  
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Introduction 
 

In this paper we provide a solution to a very practical problem that industrial engineers 

and analysts often face. When analyzing data that is required to be normal (for example, 

Sepulveda and Nachlas, 1997; Takashahi, 1999; Wu and Ouyang, 2001; Yu, 2009), a practical 

problem arises when a high proportion of a too-frequent value exists in data, in which case 

transformation to normality that passes tests for normality may be impossible. A commonly used 

test for normality is the Kolmogorov-Smirnov test (Massey, 1951; Lilliefors, 1967; Dallal and 

Wilkinson, 1986; Wang, Yam, and Zuo, 2004). We construct a limit on the number of too-

frequent values that may still lead to normality by the Kolmogorov-Smirnov test. 

Suppose we wish to predict a phenomenon that is presumably related to volcanism (e.g., 

flight delays, clogged air filters, machine failures, etc.). We would therefore like to incorporate 

volcanic effects in our model by including the Weighted Historical Dust Veil Index (WHDVI) 

(Mann et al., 1998) which measures the concentration of particles in the upper atmosphere. It 

usually rises following a volcanic eruption. Table 1 provides the Dust Veil Index for the years 
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1901-1980. Before incorporating the WHDVI in a correlation analysis or including it as an 

independent variable in a regression model, or other parametric tests, one should check whether 

the WHDVI data deviate from normality. This is commonly done by using the Kolmogorov-

Smirnov test hoping to get p>0.05 or at least p>0.01 to show that there is no significant deviation 

from normality. Note that we test for deviation from normality and small p-values indicate that 

deviation from normality is likely. Our objective is therefore to get high p-values. When the 

WHDVI in Table 1 is analyzed in SPSS, the Kolmogorov-Smirnov statistic is 0.285 with a p-

value of 8.9∙10
-18

 which indicates significant deviation from normality. In such cases, one typical 

method is to find a transformation of the data by a monotonically increasing (or decreasing) 

function such that the transformed values are sufficiently normal. This process can utilize a 

continuum of possible transformations that mostly belong to the family of powers and roots, such 

as a positive power of x, a negative power of x , a fraction power of x (root), and the Box-Cox 

transformation, which preserves the direction of the transformed x (Box et al., 1964). There are 

also other useful transformations, such as log x, arctan x, and convolutions of such functions. 

 We notice that there are 13 zeroes out of 80 observations in the data and wonder whether 

such a transformation even exists. Any monotonic transformation will retain these 13 zeroes (or 

any other too-frequent value) so we cannot get rid of this duplicity. It is obvious that if, for 

example, 70 observations out of 80 are zeroes, there is no hope to find such a transformation. But 

what is the maximum number of zeroes (or any other too-frequent value) that may not derail our 

transformation to normality efforts? Simply put, if we exceed this limit, there is no possible 

transformation that leads to a variable that does not deviate from sufficient normality as assessed 

with the Kolmogorov-Smirnov test. In such cases, the analyst may accept the deviation from 

normality, acknowledging the potential biases it produces, or consider abandoning parametric 
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analysis involving such a variable and look for alternative approaches, parametric or 

nonparametric, that do not require the normality of the assessed variable. The purpose of this 

paper is to develop such a limit and provide guidelines for finding appropriate transformations, 

when the limit is not exceeded, to help analysts in their endeavors. 

Back to the WHDVI example, as a result of our analysis (see Table 2 below) the limit of 

the number of zeroes for n=80 at α=0.05 is 15, thus a transformation may exist. Indeed, by the 

guidelines developed in this paper, the transformation y=x
0.285

 yields a post-transformation 

Kolmogorov-Smirnov statistic of 0.089 with a p-value of 0.182 which indicates no significant 

deviation from normality at α=0.05. 

Normality Tests 

A plethora of studies have developed and examined tests for a distribution's normality, 

ranging from the seminal works of Kolmogorov-Smirnov (Massey, 1951) as improved by 

Lilliefors (1967) and somewhat refined by Dallal and Wilkinson (1986), to variance-based 

techniques such as the Shapiro-Wilk test (Shapiro and Wilk, 1965, Shapiro and Wilk, 1968), to 

more modern U-process techniques (Acrones and Wang, 2006). A review of some of these 

techniques is provided in Thode (2002). There are also graphical tests for sufficient normality 

(Mecklin and Mundfrom, 2004, Srivastava, 1984), but these are not the focus of this manuscript. 

Out of these many techniques, one of the most commonly used tests for normality is the 

Kolmogorov-Smirnov test (Massey, 1951) and its refined versions (Lilliefors 1967, Dallal and 

Wilkinson 1986). The importance of this test is evident in the thousands of scholarly articles that 

cited it. For example, the seminal paper of Lilliefors (1967) was cited over eleven hundred times 

(Google Scholar, December, 2010). Moreover, it is included in most statistical packages, such as 

SPSS. 
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 Normality tests often fail when interval variables include many observations with the 

same value; a phenomenon that is quite common. For example, there are many zeroes in the data 

of snowfall in Seattle during the month of January in the past 100 years; consequently, gas 

consumption of snow plows in Seattle in January; daily number of engine failures, daily number 

of flight delays for a particular route, and proportion of defective items that may include several 

items with no defect.  In all of these instances there is a positive probability that a single value 

will be observed and all other values follow a continuous or discrete distribution. In many cases 

this value is a zero, but it does not have to be a zero. The proportion of non-defective items may 

include many “1”s. Scores on a certification test may include a large proportion of 100s. When 

testing heuristic algorithms on many instances, the number of times the best known solution is 

obtained may include many “perfect” results. For example, in Aboolian et al (2008) a descent 

algorithm and simulated annealing were tested on 40 problems. In their Table 4 the descent 

algorithm found the best known solution in all 1000 repetitions in 13 of the 40 problems and 

simulated annealing found it 10 times out of 10 repetitions in 18 of the 40 problems. 

The value that its frequency is relatively high is called ``too-frequent" or “popular". 

Given the importance and wide use of the Kolmogorov-Smirnov test, and building on the above 

mentioned notions, in this study we find the critical proportion of the mode frequency for which 

a transformation by a monotonically increasing function will always fail (or alternatively, never 

manage) to yield a satisfactory Kolmogorov-Smirnov statistic. 

Analysis 

Suppose that k out of n observations have the same value. Any monotonically increasing 

(or decreasing) transformation will preserve this property. Let the mean of the transformed data 

be µ with a standard deviation . For simplicity we assume that the transformed too-frequent 
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value is zero and all other values are positive and thus µ>0. If the transformed too-frequent value 

is not zero, we can add (or subtract) a constant to all values so that the most frequent value is 

zero. The normality property is preserved by adding a constant to all values. If the mode is not a 

boundary value (i.e., there are positive and negative values around the mode of zero), the 

analysis can be slightly modified to yield the same result. 

 To illustrate the analysis we randomly generated five positive values and added five 

zeroes to the data set. The cumulative distribution of the data points as well as the cumulative 

normal distribution, calculated by the mean and variance of the sample, are depicted in Figure 1. 

Since there are five zeroes in the data, the cumulative distribution of the data increases from 0 to 

0.5 at x=0. The cumulative normal crosses that line at y=0.2. The Kolmogorov-Smirnov statistic 

is the maximum deviation between the cumulative data and the cumulative normal distributions. 

At zero the differences are 0.2 from the x-axis and 0.3 from the point (0, 0.5). Since these values 

are greater than all other differences, the Kolmogorov-Smirnov statistic is 0.3. If we transform 

the data, the “jump" from 0 to 0.5 cannot be reduced because any transformed data will include 

five zeroes. Therefore, the best we can hope for is that the normal curve will cross the x=0 

vertical line at y=0.25. In conclusion, no transformation can reduce the Kolmogorov-Smirnov 

statistic below 0.25. The critical value at α=0.05 for n=10 is 0.262 (Dallal and Wilkinson, 1986; 

Lilliefors, 1967). Therefore, the data do deviate from normality at α=0.05 but with a proper 

transformation we can reduce the Kolmogorov-Smirnov statistic to 0.25 thus data do not deviate 

from normality at α=0.05 by the Kolmogorov-Smirnov test. Note that the critical value for 

α=0.01 is 0.304 and thus the data do not deviate from normality at α=0.01. This observation is 

formally analyzed below. 
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Let the Kolmogorov-Smirnov statistic for a sample size n and a significance level α have 

a critical value of K(n,α). 

Theorem 1: If 𝐾(𝑛, 𝛼) <
𝑘

2𝑛
, then no transformation can normalize the data at the significance 

level α of the Kolmogorov-Smirnov test. 

Proof: The Kolmogorov-Smirnov statistic is the supremum of the difference between the 

cumulative normal distribution and the cumulative distribution of the data.  This statistic must be 

greater than or equal to the difference between the distributions just left of zero and the 

difference between the distributions at zero. The cumulative normal distribution at zero is 

𝛽 = 𝑃 (𝑧 ≤ −
𝜇

𝜎
)                                                                (1) 

The cumulative distribution of the transformed data just left of zero is zero, and at zero it is  
𝑘

𝑛
. 

Therefore, 

𝐾(𝑛, 𝛼) ≥ 𝑚𝑎𝑥 {𝛽,
𝑘

𝑛
− 𝛽} ≥

𝑘

2𝑛
.                                          (2) 

Therefore, if the critical value of the Kolmogorov-Smirnov test for a given α is smaller than 
𝑘

2𝑛
, 

there is no way the data can be normalized, at the significance level α, by any transformation. ■ 

 For large values of n, 𝐾(𝑛, 𝛼)~
𝑐(𝛼)

√𝑛
 for some constant c(α). Therefore, when 

𝑘

2𝑛
>

𝑐(𝛼) 

√𝑛
 or 

𝑘 > 2𝑐(𝛼)√𝑛, the data can never be normalized using the Kolmogorov-Smirnov test. For 

example, for n>35 and α=0.05, the original constant (Massey, 1951) is c(0.05)=1.36. However, 

Lilliefors (1967) corrected this constant to c(0.05)=0.886. Therefore, the data cannot be 

normalized using α=0.05 when 𝑘 ≥ 1.772√𝑛. For n=50, the data cannot be normalized using 

α=0.05 when k≥13, for n=100 the data cannot be normalized when k≥18, and so on. In Table 2 

the maximum values of k for which there may exist a transformation that can normalize the data, 

using the Kolmogorov-Smirnov test, for various values of n using α=0.10,0.05, 0.01 are 
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provided. For n≤30 the critical values reported in Dallal and Wilkinson (1986) were used, and 

for n>30 the original approximation in Lilliefors (1967) was used.  As an example, if there are 57 

or more zeroes in a data set of 1,000 observations, such a variable cannot be normalized at 

α=0.05 using the Kolmogorov-Smirnov test. However, if there are 65 or fewer zeroes for this 

variable, it may be possible to normalize it at α=0.01 by finding a proper transformation. 

Guidelines for Normalizing Data 

Following the analysis above, when k is feasible one should attempt to find a 

transformation such that 𝛽~
𝑘

2𝑛
. This means by equations (1) and (2) that 

𝛽 = Φ (−
𝜇

𝜎
) =

𝑘

2𝑛
 

𝜇

𝜎
= Φ−1 (1 −

𝑘

2𝑛
).                                                          (3) 

 

If the most frequent data are an extreme point which is not a zero, then µ is replaced by 

the difference between the most frequent data and µ. Note that this result is independent on the α 

used. There is no guarantee that a transformation does exist for feasible k because the supremum 

defining the Kolmogorov-Smirnov statistic may be achieved at a positive value and not 

necessarily at zero. 

Examples 

Example 1 

Table 1 provides the Dust Veil Index for the years 1901-1980. There are 13 zeroes during 

the eighty years period. According to Table 2 the maximum allowed number of zeroes at α=0.05 

is 15. Therefore, it may be possible to normalize this variable using the Kolmogorov-Smirnov 

test. Indeed, the variable as-is yields a Kolmogorov-Smirnov statistic of 0.285 with a p-value of 
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8.9∙10
-18

 which indicates significant deviation from normality. We attempted a transformation of 

the type y=x
λ
 and the best λ is λ= 0.285. The post-transformation Kolmogorov-Smirnov statistic 

is 0.089 with a p-value of 0.182 which indicates no significant deviation from normality at 

α=0.05. By Theorem 1 the minimum possible Kolmogorov-Smirnov Statistic is 13/160=0.08125. 

We tried transformations of the type y=(a+x)
λ
-a

λ
 and applied the approach by Eq. (3). Φ−1 (1 −

𝑘

2𝑛
) = Φ−1 (

147

160
) = 1.3967. We found that a=0.074, λ=0.18 fulfills 

𝜇

𝜎
= 1.3967 yielding a 

statistic of 0.08125 with a p-value > 0.200, which provides stronger support to the normality 

claim. 

 To further illustrate the approach, we changed the three smallest values for years 1934, 

1942, and 1960 from 0.1 or 0.2 to 0. This does not affect much the data. By SPSS the 

Kolmogorov-Smirnov statistic of the non-transformed data remains at 0.285 with a p-value of 

9.0∙10
-18

. However, the number of zeroes increases from 13 to 16. By Theorem 1, the changed 

data cannot be normalized at α=0.05 by the Kolmogorov-Smirnov test. However, by Table 2 the 

maximum number of zeroes for α=0.01 is 18. The minimum possible Kolmogorov-Smirnov 

statistic is 16/160=0.1. The critical value for the test is 0.099 which cannot be achieved. The 

transformation y=(a+x)
λ
-a

λ
 for a=0.11, λ=0.23 yields 

𝜇

𝜎
= 1.28. The transformed data yields a 

Kolmogorov-Smirnov Statistic of 0.100 with a p-value of 0.045, indicating deviation from 

normality at α=0.05 but no deviation from normality at α=0.01. 

Example 2 

Real quality control data regarding 16743 orders of a total of 11,299,266 items was collected 

from a large electronics manufacturer in the USA. There were 67 different items ordered and 

their failure rate was recorded. 15 of the 67 items had a failure rate of zero. See Table 3. 
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The maximum allowable number of zeroes for α=0.05 is 14 by Table 2 and can be also 

calculated by  𝑘 < 1.772√67 = 14.5. However, it may be possible to normalize it for α=0.01. 

To find a transformation we should have the condition by (3): 
μ

σ
= Φ−1 (1 −

𝑘

2𝑛
) = Φ−1 (

119

134
) =

1.2163. 

A transformation of the type y=x
λ
 yielded that λ= 0.459 provides the required ratio of 

mean to standard deviation. By SPSS, the original data has a KS statistic of 0.302 with a p-value 

of 8.81∙10
-17 

which indicates clear deviation from normality. Following the transformation, the 

KS statistic is 0.112 (=15/134) with a p-value of 0.036 which does not deviate from normality at 

α=0.01 but does deviate from normality at α=0.05 as expected. 

Summary 

In this study we used a mathematical proof for developing normative guidelines for data 

analysts such that they can assess whether a transformation to normality that satisfies the fairly 

conservative Kolmogorov-Smirnov test is feasible in the presence of too-frequent values 

(typically zeros). Using this decision tool, data analysts can know at the outset if a “search" for a 

transformation to normality that satisfies the Kolmogorov-Smirnov test is plausible, or 

alternatively, there is no point in doing so, in which case, other statistical approaches or less 

restrictive normality assumptions should be utilized. In case a transformation that satisfies the 

Kolmogorov-Smirnov test may exist, we provided guidelines for finding the appropriate 

transformation. 

 Note that while this study exemplified points using mostly data with many zeroes, the 

findings can be generalized to distributions that include “spikes" for any value, (not necessarily 

even a boundary value). The maximum values in Table 2 apply to any data point. If the largest 

step increase for any value (see Figure 1 where the largest step increase is observed at x=0) 
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exceeds twice the Kolmogorov-Smirnov critical value, the data cannot be normalized by any 

transformation to satisfy the Kolmogorov-Smirnov test. It is hoped that our study serves as a 

catalyst for further research in this domain, and that it informs analysts and researchers who test 

normal-distribution-based models. 
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Table 1: The Weighted Historical Dust Veil Index (WHDVI) 

Year WHDVI Year WHDVI Year WHDVI Year WHDVI 

1901 9.0 1921 0.0 1941 0.2 1961 0.4 

1902 201.0 1922 0.0 1942 0.1 1962 0.3 

1903 150.0 1923 0.0 1943 0.0 1963 166.2 

1904 112.0 1924 0.0 1944 8.0 1964 124.6 

1905 61.0 1925 0.0 1945 6.0 1965 85.8 

1906 23.5 1926 0.0 1946 4.0 1966 83.6 

1907 80.0 1927 0.0 1947 10.0 1967 31.4 

1908 56.5 1928 0.0 1948 6.0 1968 60.7 

1909 36.0 1929 1.6 1949 4.0 1969 40.0 

1910 16.0 1930 5.2 1950 2.4 1970 32.4 

1911 6.0 1931 4.6 1951 4.3 1971 23.7 

1912 64.5 1932 3.0 1952 3.2 1972 9.5 

1913 50.8 1933 1.4 1953 2.9 1973 9.3 

1914 45.6 1934 0.2 1954 1.6 1974 56.1 

1915 25.4 1935 0.0 1955 0.4 1975 41.0 

1916 6.7 1936 1.2 1956 4.2 1976 67.0 

1917 3.0 1937 7.7 1957 3.4 1977 45.4 

1918 0.0 1938 5.7 1958 2.3 1978 25.8 

1919 0.0 1939 4.1 1959 1.2 1979 25.4 

1920 0.0 1940 2.0 1960 0.1 1980 51.0 
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Table 2: Maximum number of a too-frequent value for which monotonic transformation may 

lead to sufficient normality as per the K-S test 

n α=0.10 α=0.05 α=0.01 

20 7 7 8 

25 7 8 10 

30 8 9 11 

40 10 11 13 

50 11 12 14 

60 12 13 15 

70 13 14 17 

80 14 15 18 

90 15 16 19 

100 16 17 20 

200 22 25 29 

300 27 30 35 

400 32 35 41 

500 36 39 46 

1000 50 56 65 
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Table 3: Data for Example 2 

Name 

failure 

rate Name 

failure 

rate 

144-Pin Registered SoDIMM x72 ECC 0.029 DDR Stacks 0.016 

144-Pin Unbuffered SoDIMM x32 Non-ECC 0.020 Embedded 0.001 

144-Pin Unbuffered SoDIMM x64 Non-ECC 0.000 FC 0.024 

144-Pin Unbuffered SoDIMM x72 ECC 0.009 FC-Gen3 0.048 

168-Pin Registered DIMM x72 ECC 0.013 MACH16-SAS 0.092 

168-Pin Unbuffered DIMM x64 Non-ECC 0.028 MACH16-SATA IOPS 0.000 

184-Pin Registered DIMM x72 ECC 0.039 MACH8-IOPS 0.371 

184-Pin Unbuffered DIMM x64 Non-ECC 0.014 MACH8-MLC 0.035 

184-Pin Unbuffered DIMM x72 ECC 0.008 MACH8-Standard 0.075 

2.5-Inch IDE FlashDrives 0.008 Mini PCI 0.036 

200-Pin Registered SoDIMM x72 ECC 0.011 MiniRDIMM 0.008 

200-Pin Unbuffered SoDIMM x64 Non-ECC 0.048 miniSD 0.000 

200-Pin Unbuffered SoDIMM x64 Non-ECC 

buffered  0.007 NULL 0.000 

200-Pin Unbuffered SoDIMM x72 ECC 0.008 PC Card Adapter (CompactFlash) 0.000 

204-Pin Unbuffered SoDIMM x64 Non-ECC 0.006 PC Cards 0.000 

240-pin Fully Buffered DIMM x72 ECC 0.044 SAS 0.047 

240-Pin Registered DIMM x72 0.007 SAS-Gen3 0.057 

240-Pin Registered DIMM x72 ECC 0.011 SATA 0.034 

240-Pin Unbuffered DIMM x64 Non-ECC 0.011 Secure Digital Cards (SD) 0.063 

240-Pin Unbuffered DIMM x72 ECC 0.013 SingleChipDrive 0.001 

244-pin MNI-RDIMM 0.015 Slim SATA 0.048 

244-Pin Registered Mini-DIMM x72 ECC 0.012 Spare Part 0.047 

40-Pin IDE Horizontal Plug-in 0.095 Stacked IC - DDR PC2100 0.000 

40-Pin IDE Vertical Plug-in 0.009 Stacked IC - DDR PC2700 0.000 

44-Pin IDE Horizontal Plug-in 0.034 Stacked IC - DDR2 PC2-4200 0.000 

44-Pin IDE LOW PROFILE Horizontal Plug-in 0.000 Stacked IC - DDR2 PC2-5300 0.015 

44-Pin IDE LOW PROFILE Vertical Plug-in 0.009 Stacked IC - DDR2 PC2-6400 0.002 

ATA 0.018 Stacked IC - SDRAM PC100 0.000 

Chip Stack 0.002 Stacked IC - SDRAM PC133 0.000 

Combo Pack - CompactFlash & Adapter 0.000 USB 2.0 0.000 

CompactFlash Card and Single Slot CF Card 

Reader 0.012 

USB 2.0 Mini-Drive with Embedded Flash 

Storage 0.024 

CompactFlash Cards 0.008 USB Flash Disk Module 0.066 

Custom Module 0.012 Zeus-RAM 0.022 

DB 0.000     
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Figure 1: An illustrative example 

 


